NASA Contractor Report 180893

3-D Inelastic Analysis Methods for Hot
Section Components

Fourth Annual Status Report for the Period February 14, 1986 to February 14,

1987

Volume I - Special Finite Element Models

S. Nakazawa

May 1988

Prepared for
Lewis Research Center
Under Contract NAS3-23697

NASA

National Aeronautics and
Space Administration

(NASA-CR-180893) ON 3-D INELASTIC ANALYSIS
METHODS FOR HOT SECTION COMPONENTS. VCLUME

1: SPECIAL FINITE ELEMENT MODELS Annual

Report No. 4, 14 Peb. 1986 - 14 Feb, 1507 ‘ ’
{Pratt and Whitney Aircraft) 81 p C5CL 20K G3/39

N88-21535

Unclas
0tu0242



l .
A A A Report Documentation Page
i SUACE AN o

1. Report No. 2. Government Accession No.

NASA CR-180893

. Recipient’s Catalog No.

i 4. Title and Subtitle

i 3-D INELASTIC ANALYSIS METHODS FOR HOT SECTION
. COMPONENTS - FOURTH ANNUAL REPORT
. Volume I, Special Finite Element Models

. Report Date

May 1988

. Performing Organization Code

' 7. Author(s)

' S. Nakazawa

. Performing Organization Report No.

PWA-5940-62

© 9. Performing Organization Name and Address

:  UNITED TECHNOLOGIES CORPORATION
. Pratt & Whitney, Commercial Engineering

!

. 400 Main St., East Hartford, CT 06108

10.

Work Unit No.

. Contract or Grant No.

NAS3-23697

: 12. Sponsoring Agency Name and Address

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION
Lewis Research Center

21000 Brookpark Road

Cleveland, OH 44135

13.

Type of Report and Period Covered
Fourth Annual Report
2/14/86 to 2/14/87

14.

Sponsoring Agency Code

RTOP 533-04-1A

15. Suppiementary Notes

Project Manager, C. C. Chamis, MS 49-6
NASA-Lewis Research Center; Cleveland, OH 44135

16. Abstract

This Annual Status Report presents the results of work performed during the fourth
year of the 3-D Inelastic Analysis Methods for Hot Section Components program (NASA
Contract NAS3-23697). The objective of the program is to produce a series of new 1
computer codes that permit more accurate and efficient three-dimensional analyses
of selected hot section components, i.e., combustor liners, turbine blades and
- turbine vanes. The computer codes embody a progression of mathematical models and
are streamlined to take advantage of geometrical features, loading conditions, and
forms of material response that distinguish each group of selected components.
Volume I of this report discusses the special finite element models that were
developed during the fourth year of the contract effort.

17. Key Words {Suggested by Author(s)) 18. Distribution Statement f

3-D Inelastic Analysis, Finite Elements, | i
Boundary Elements, High Temperature, 1 :
Creep, Vibration, Buckling, Solution
Methods, Constitutive Modeling

19. Secunty Classif. (of this report) [ 20. Security Classif. (of this page} ' 21. No. of pages 122 Price

Unclassified ! Unclassified ;_ 85

NASA FORM 1626 OCT 86



S aapra BRI
f’-&-.&iaf'&‘s;-.i '(z‘iri‘?"”".‘-ﬁ

PREFACE 1pg Riuiialnndl

AR G TR

This Annual Status Report, Volume I, describes the results of work performed
on Task VB (Special Finite Element Models) during the fourth year of the NASA
Hot Section Technology (HOST) program, "3-D Inelastic Analysis Methods for Hot
Section Components" (Contract NAS3-23697). The finite element code, MHOST

» (MARC HOST), is developed further based on mixed iterative solution procedures
whose concepts and basic technology were established in the first and second
year efforts. The technology is extended in the current phase to incorporate
the effect of multiple embedded singularities in generic modeling regions.
Specifically, the local mesh refinement technology and the special function
representation for singular behavior of strain are developed based on mixed

\ element concepts. The local mesh refinement algorithm, referred to as the

‘ subelement iteration, utilizes conventional linear and higher order polynomial
i representations for spatial discretization.

The program is being conducted under the direction of Dr. C. C. Chamis of the
NASA-Lewis Research Center. Prime contractor activities at United Technologies
Corporation are managed by Dr. E. S. Todd. Subcontractor efforts on finite
element tasks at MARC Analysis Research are led by Dr. J. C. Nagtegaal.
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1.0 SUMMARY

The Special Finite Element Models portion of the HOST (Hot Section Technology)
3-D Inelastic Analysis Methods program is divided into two 24-month segments:
a base program, and an option program exercised at the discretion of the
Government. Versions 1 and 2 of MHOST (MARC-HOST) were developed during the
base program (Tasks IB and 1IB). The MHOST code employs both shell and solid
(hexahedral) elements in a mixed iterative solution framework. This code
provides comprehensive capabilities for investigating local (stress/strain)
and global (vibration and buckling modes) behavior of turbine engine hot
section components. In the development of MHOST, advantage has been taken of
the technical expertise of engineers at MARC Analysis Research Corporation.
This has led to the construction of sophisticated algorithms and codes which
may reduce computer time and memory requirements for three-dimensional

analyses.

Version 4 of the MHOST code has been developed under Task VB of the HOST 3-D
Inelastic Analysis Methods option program. These latest development efforts
have concentrated on the consolidation of the numerical technology created and
implemented for the basic mixed iterative solution strategy. In addition, the
subelement solution strategy designed to capture local behavior related to
embedded discontinuities has been investigated further.

Efforts have been devoted to maintain the computer program on different
computer systems and to improve quality. An in-core profile solution subsystem
has been added, replacing the original band matrix solution. The computational
procedures for eigenvalue extraction and transient time integration have been
improved and been made compatible with this new solution package.

Enhancement of the solution capabilities of the MHOST code include the large
displacement option to update nodal coordinates, the stress stiffening option
for quasi-static and eigenvalue analysis and the centrifugal mass option for a
structure rotating at a high angular velocity.

Algorithms developed for and implemented into the MHOST code utilizing the
mixed global solution strategy and subelement techniques are discussed in
detail in this report in conjunction with remarks on programming
considerations.




2.0 LITERATURE SURVEY

This section reviews literature on the application of nonlinear finite element
methods to the inelastic analysis of turbine engine hot section components. It
is not intended to discuss here the state-of-the-art finite element technology
but to provide a snapshot of the current trends in research and development
for the period since the last annual report [NAKAZAWA (1986)]. An attempt is
made in this survey to position the technology developed under the HOST
contract in the computational mechanics perspective.

2.1 INTRODUCTION

The major areas of research in the improvement of computational performance
and applicability of finite elements have continued to be:

1. Mixed and hybrid formulations designed to improve the accuracy of
finite elements

2. Global solution procedures for linear and nonlinear finite element
equations to reduce both memory requirements and the number of
arithmetic operations with particular emphasis on iterative solution
strategies

3. Post-processing methods designed not only to estimate errors
accurately a posteriori, leading to adaptive mesh refinement
strategies, but also to extract more information out of a finite
element solution.

Both modern numerical technology and advanced computing machinery now allow
the application of finite elements to a wider range of problem areas. The use
of large meshes for representing fine detail in engineering problems has
become very valuable. Sophisticated numerical methods have been developed to
deal with combined nonlinear kinematics and material responses in a highly
efficient manner. :

This section concentrates on the reports and articles which have appeared
since the previous literature survey reports [NAKAZAWA (1986) Section 3.1, and
FYHRE, HUGHES (1983)].

2.2 VARIATIONAL FORMULATION AND ELEMENT TECHNOLOGY

Interest continues to remain high in using the mixed variational formulation
as a basis for developing finite element methods. The Hu-Washizu principle has
become the most popular variational formulation from which numerical methods
are derived. It seems the most natural approach, for instance, from which to
derive algorithms for probabilistic structural analysis. Evaluation methods
for finite elements based upon mixed variational principles have also been
developed recently. In modern literature, the words 'mixed' and 'hybrid', as



applied to finite elements, are often used interchangeably and ambiguously.
Seemingly, the mixed methods derived from piecewise discontinuous stress
representations are usually referred to as 'hybrid' formulations, while those
derived from independent strain interpolations as well as other mixed
formulations are referred to as 'mixed' forms. It is interesting to note
moreover that the word 'hybrid' is even used by a certain sector of
computational mechanics as referring to a class of methods combining the
finite element and boundary integral formulations.

Interest in the Hu-Washizu principle has been revived in recent years by the
untimely death of one of the original investigators and the subsequent
publication of his memorial volume [PIAN (1984)]. Utilization of this
principle for the analysis of existing methodology, such as the numerically
integrated displacement formulation [ZIENKIEWICZ, NAKAZAWA (1984)], appears
frequently in the literature. BELYTSCHKO (1986) presents an excellent review
of the technology available for thick plate and shell element formulations
based on the Reissner-Mindlin theory.

Efforts to use the mixed Hu-Washizu finite element equations as a driving
mechanism for the iterative solution of linear and nonlinear problems continue
as a part of the HOST project, as reported in progress reports by WILSON, BAK,
NAKAZAWA, BANERJEE (1984, 1985), and NAKAZAWA (1986). Also, a number of papers
discuss various aspects of this methodology [ NAKAZAWA, NAGTEGAAL (1986), and
NAKAZAWA, SPIEGEL (1986)].

With particular application to transient dynamics, a version of the mixed
iterative solution algorithm combined with a second order, single step time
integration operator has been proposed and applied to a number of linear
elastic problems by ZIENKIEWICZ, LI, NAKAZAWA (1986).

An analysis of a certain class of mixed finite elements is discussed by LE
TALLAC (1986). An iterative algorithm based on the Hu-Washizu principle is
derived for rate-independent deviatoric plasticity. The elastic strain is used
as a variable instead of the total strain. This formal alteration of the

formulation, in conjunction with the radial return algorithm being hardwired
to the analysis, enabled Le Tallac to discuss the solution existence question;

this then allows him to consider the possible formalization of convergence
characteristics.

For the evaluation of element formulations, as well as being the first step of
finite element code validation, the patch test invented by Irons and
documented in BAZELEY, CHEUNG, IRONS, ZIENKIEWICZ (1966) has been used by many
researchers and commercial code developers. For instance, NAGTEGAAL, NAKAZAWA,
TATEISHI (1986) discuss the development of an eight-node shell element based
on the assumed strain approach and demonstrate its validity by performing an
extensive set of patch test calculations. The concept of patch test is
re-examined in a recent paper by TAYLOR, SIMO, ZIENKIEWICZ, CHAN (1986), where
the equivalence between the satisfaction of the patch test and the consistency
and stability of finite element approximations is discussed. Note that the
argument by STUMMEL (1980) seriously questioning the validity of the patch
test is countered in this paper.




An important extension of the patch test is proposed in a more recent paper by
ZIENKIEWICZ, QU, TAYLOR, NAKAZAWA (1986). Assuming that the consistency of the
approximations is satisfied, the test focuses upon the stability of mixed
finite elements implied by the Babuska-Brezzi condition [BABUSKA (1973}, and
BREZZI (1974)]. The procedure involves counting the minimum possible number of
active degrees-of-freedom in a patch and comparing this number with the
maximum possible number of constraint degrees-of-freedom. If no constraints
are imposed on nodal stresses and strains, the mixed iterative solution
procedure with continuous interpolation passes the test and is assumed stable.
An extension of this stability patch test to the three field formulations of
Hu-Washizu type and to plates and shells derived from the Reissner-Mindlin
theory is being investigated by ZIENKIEWICZ (1986) and his co-workers.

The relation between the stability patch test and the mathematically derived
Babuska-Brezzi condition is also being actively investigated.

Use of the most general mixed variational formulation of the Hu-Washizu type
in element development continues to be in the mainstream of research
activities. Despite the slight confusion in terminology, a family of simple
high performance elements has been developed utilizing, consciously or
unconsciously, the mixed method concepts.

Interest in the equal order interpolation for mixed finite element processes
is definitely growing. A number of papers and reports have been published not
only via this project but also by the research group at Swansea. Also, a
number of associated academic research projects have been initiated in the
last couple of years. It is anticipated that the number of publications on the
utilization of the equal order interpolation mixed method and its iterative
solution strategy will increase considerably in the next few years.

2.3 A POSTERIORI ERROR ESTIMATES AND POST-PROCESSING

The methodology used for computing the approximation error in a finite element
solution has been improved significantly in the last few years. Also, the
adaptive mesh refinement algorithms based on the spatial distribution of error
indicators have been developed and applied to a wide range of linear and
nonlinear problems. A book on this subject, compiled by Gago, represents
?resegg state-of-the-art technology [BABUSKA, ZIENKIEWICZ, GAGO, OLIVEIRA

1986) ).

The papers included in the book indicate that a posterior error estimates and
adaptive refinement methodologies are well understood mathematically and
tested for a wide range of linear elastic problems. However, the computational
processes look overly complicated and extensions to nonlinear analysis of
solids and structures will need further research and development. Application
of the adaptive mesh refinement concept has been demonstrated to be tractable
using a relatively simple error indicator for solutions to aerospace flow
problems modeled by the compressible Euler equations. Note that the adaptive
solution of the compressible Euler equations is the first systematic attempt
at extending the technology to nonlinear problems. The results included in the
book show the potential advantage of the concept.



A simple algorithm to estimate errors a posteriori is proposed by ZIENKIEWICZ,
ZHU (1987). The logic is based on the difference in values for quantities
obtained directly within the elements and the same information projected by
nodal interpolation functions. The nodal projection techniques used in the
mixed, iterative process to recover the nodal strain allow a simple and
effective way to calculate errors. This process is relatively easy to
implement, in comparison with other seemingly complicated mathematically
derived a posteriori error estimate algorithms. Examples shown in the paper
indicate the efficiency of the proposed process. However, rigorous
mathematical analysis is still to be done to verify the methodology. It is
interesting to note that the residual vector calculated at the zeroth
iteration of the equal order mixed iterative solution is indeed the
Zienkiewicz-Zhu error indicator weight-averaged at nodes.

With triangular elements being employed, efforts to combine automatic
mesh-generation and adaptive refinement concepts have been reported. Examples
included in ZIENKIEWICZ, ZHU (1987) use this idea. In the application of
adaptive mesh refinement to compressible flow problems, a number of papers
have been published in which triangular mesh generation methods are discussed
in conjunction with local refinement strategy to capture shocks.

PERAIRE, MORGAN, ZIENKIEWICZ (1986) and LOHHER (1986) describe adaptive mesh
refinement and de-refinement algorithms designed for triangles and speculate
on the applicability of such a concept to three-dimensional computations. The
use of automatic mesh generation of triangular and tetrahedral elements has
been found to be viable in finite difference flow computations involving
unstructured grids. JAMESON (1986) demonstrated possible utilization of this
technology for geometrically complex problems.

To summarize then, in the area of a posteriori error estimates,
post-processing and adaptive mesh refinement, useful technology has been
developed for linear structural analysis and certain nonlinear problems.
However, further research and development including extensive numerical
experiments will be needed to establish a methodology base for
-three-dimensional inelastic analyses involving complex loading histories.

2.4 NONLINEAR ANALYSIS OF SOLIDS AND STRUCTURES

Application of finite element methods to nonlinear structural analysis
involves increasingly complicated geometrical and material models and pushes
currently available supercomputing facilities to their limits. Codes
specifically designed for supercomputers have demonstrated such computers'
potential. Papers have appeared recently discussing performance improvement
of finite element codes on vector and parallel machines utilizing algorithms
tailored for a specific computer environment. BENSON, HALLQUIST (1986)
discusses the rigid body algorithm implemented in the DYNA code which reduced
the amount of computations significantly for explicit finite element time
integrations. Implementation of an iterative solution algorithm based on the
element-by-element preconditioner in the NIKE code is discussed by HUGHES,
FERENCZ, HALLQUIST (1986). The utilization of supercomputers in an engineering
environment involving the development of these codes is presented by GOUDREAU,
BENSON, HALLQUIST, KAY, ROSINSKY, SACKETT (1986).



Investigations on vectorizability of basic finite element operations continue.
For instance, the details of vector-matrix multiplication in an
element-by-element manner are discussed, including timing figures, for various
finite element models by HAYES, DEVLOO (1986). An algorithm to take full
advantage of vector machines in solving a system of ordinary differential
equations is proposed by BROWN, HINDMARSH (1986). Iterative algorithms based
on the ORTHOMIN method and incomplete factorization are studied by ZYVOLOSKI
(1986). It is anticipated that the development of algorithms closely tied to
the actual data manipulations and arithmetic operations in computing machines
will eventually lead to faster finite element codes not only on supercomputers
but also on smaller scalar machines.

Utilization of parallel computing for equation solution is a subject
investigated extensively in the last few years. A series of papers by Utku,
Melosh and their collaborators looks into the possible parallelization of
direct stiffness matrix factorization [UTKO, MELOSH, SALAMA, CHANG (1986); and
UTKU, SALAMA, MELOSH (1986)]. The possible utilization of hypercube
architecture is studied by NOUROMID, ORTIZ (1986) for the factorization and
iterative solution of finite element equations. It is observed in these papers
that a simple reduction in the total number of operations does not itself
always provide the optimal algorithm for vector and parallel processing. An
increasing number of sessions at scientific meetings are now being devoted to
discussing this aspect of finite element computations, and extensive
literature in this area is being accumulated. However, further research and
development still needs to be done before robust algorithms become available
for a wide range of engineering applications in order to utilize fully the
potential of modern computing machinery.

Notable progress has been made in the last few years in the field of
computational plasticity, in particular, design and analysis of integration
algorithms for rate-independent plasticity constitutive equations. ORTIZ, SIMO
(1986) summarizes the development of such integration algorithms and
investigates their accuracy in great detail. The basic idea is to generalize
the return mapping algorithm based on the elastic predictor. Application to
viscoplastic constitutive equations is also included in this paper. SIMO
(1986) extends the results to finite deformation plasticity by developing a
simple and efficient finite element algorithm in which elastic deformation of
finite amplitude is accommodated.

Approaches for capturing localization due to inelastic material response in
global finite element computations have been developed which enable
discontinuities to be modeled at the subelement scale. The work by HUGHES,
SHAKIE (1986) extends the conventional return mapping algorithm for Jo flow
theory to yield surfaces with corners. This extension enables the effects of
localized plastic flow to be captured in a global manner. ORTIZ, LERQY (1986)
proposes an algorithm which allows shear bands to generate inside a finite
element. The numerical results indicate the potential of the method for
capturing local failure of structures without excessive mesh refinement.
Methods for bringing in local failure modes in finite elements to capture



localization effects under strain softening are discussed by WILLAM, SOBH,
STURE (1986). A survey of the finite element technology for capturing
localized failure modes is given by NEEDLEMAN (1986). This is a relatively new
field and further work will be needed before localized microscopic material
responses due to embedded singularities in large-scale structural systems can
be calculated effectively.

2.5 CONCLUDING REMARKS

In the theoretical aspects of finite element development, the utilization of
the mixed variational principle has been and continues to be the main thrust
of research and development work. This approach not only provides tools to
improve the performance of elements but also leads to a deeper insight on the
solution algorithms for linear and nonlinear problems. The mixed iterative
methodology developed under the HOST contract takes full advantage of these
modern theoretical developments. Also, new ideas demonstrated in the MHOST
program have attracted significant academic research interest in the
computational mechanics community.

In the application and computational aspects of finite elements, progress made
in the last few years has not yet been fully incorporated into the MHOST code
development. The information available in the literature indicates that
further development to utilize modern algorithms and coding technology would
enhance the performance of the MHOST code even more significantly.



3.0 GLOBAL SOLUTION STRATEGY AND ELEMENT FORMULATION

3.1 [INTRODUCTION

This section summarizes the technology developed and implemented in the MHOST
program during Task VB.

The mixed variational formulation of Hu-Washizu type [HU (1955), and WASHIZU
(1955, 1974)] is used as a driving mechanism to derive the iterative solution
algorithms. A system of algebraic equations is generated, including the
effects of the stress stiffening and the centrifugal mass terms in conjunction
with the dynamic transient effects in a semi-discrete manner. The
fully-discretized version of the finite element equation system is included in
this report, with the Newmark family of algorithms used for temporal
discretization. As demonstrated in ZIENKIEWICZ, LI, NAKAZAWA (1986), other
time integration algorithms can be utilized to generate recursive forms for
transient analyses.

The implementation of iterative solution algorithms for the mixed finite
element equations is briefly discussed in this section. A comparison of

options made available in the MHOST code indicates that the secant version of
the Davidon rank-one quasi-Newton update performs most reliably, except for a
class of ill-conditioned problems.

The updated Lagrangian formulation is used to facilitate large displacement
effects. The inclusion of finite strain effects provides an experimental
capability in the latest version of the MHOST code. A subsection is devoted to
this development.

Element formulations based on the selectively reduced integration and the
assumed strain approaches are investigated. In the mixed iterative solution
framework, element formulations applicable to anisotropic material response
with rate independent deviatoric plasticity are identified as requiring
further investigation.

The subelement method is extended to handle inelastic response inside
subelement regions. The validation cases included in this context indicate the
performance of this new approach in capturing Tocal inelastic responses around
embedded singularities.

3.2 SEMIDISCRETE FINITE ELEMENT EQUATIONS AND TEMPORAL DISCRETIZATION
The finite element equations of dynamic equilibrium for a deformable body can

be written in terms of the nodal acceleration vector a, the nodal velocity
vector v and the nodal stress vector s as follows:

Ma+Cv+tBs=F, (M



where M is the mass matrix defined by

M=P/NTNdx (2)
Q

with p and N being the material density and the vector of interpolation
functions respectively. The damping matrix Cmay be defined as a sum of mass
and stiffness matrices, M and K, such that

C= PIM 4 PrK, (3)

with Py and Py being preassigned constants representing the effects of
viscous and structural damping respectively., Symbolically, the stiffness
matrix can be written by

K= fVNTD UN dx , (4)
Q

with V being the gradient operator and D the material modulus. The third term
in Equation (1) represents the internal energy, with the B matrix being the
discrete gradient operator defined in the finite element approximation

subspace such that
= T
B J/<Vhllﬂ dx. (5)

Q

Here an equal order interpolation using the same basis functions is assumed
for the acceleration, velocity, displacement, and stress. The nodally
interpolated strain is recovered via

e=G—1 BTU’ (6)

where G is the diagonalized gramm matrix whose Ith diagonal entry is

calculated by "

P
Gy = Z

N, N, dx,
J=]Q IJ

(7)

with Np being the total number of nodes in a mesh. The nodal stress state is
recovered by

s=De. (8)

Note that all the integrations indicated in the above equations are evaluated
approximately using numerical quadrature. The particular choice of numerical
integration rule is discussed in the subsection on element formulation.



Next, an abstract iterative process is constructed for the semi-discrete
Equations (1) by means of displacement preconditioning. The approximation of
internal energy by the product of stiffness matrix Kand total displacement
vector u leads to the recursive expression

M ajs] + Cviy) +Kujyy = F- (Bs; - Kuj), (9)

with subscripts denoting the iteration counter. For linear elastic problems,
the displacement converges linearly given an appropriate initial condition
such as uy = U.

Note that the strain projection procedure and the stress recovery operation,
Equations (8) and (8), are executed every time the displacement vector is
updated.

The fully discretized system of equations is derived for the mixed iterative
solution by introducing the temporal approximation. For the sake of simplicity
and clarity, the Newmark family of algorithms is introduced in a finite
ditference fashion, e.g., HUGHES (1984), such that dynamic equilibrium is
satisfied at time t + At as follows:

M al*tat + o ytHat g gthat - gteat, (10)

This then leads to a time discrete displacement preconditioning

t+At t+At t+At _ t+At t+At t+At
MaHI+CVH1+K”H1'F -(Bg - Ku; ), (1
with the updates for displacement and velocity given by
2
t+at t t | At t t+At}
u = -
1. utrat VB S L1 -20) &' 4 2pal : (12)
v;?mt: vb o+ at {(1 -y) at+ 7a;?+‘\‘t} . (13)
With the aid of
Au}:mt - u?+At -t (14)
and
t+at _ o tHAL t+At .
su; = Aus Au, , (15)

a recursive form is obtained as follows:
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+(L) Mvt+(;—-]) M at,

sat B (16)

where the incremental d1'sp1acementAu:.":]A‘t is updated by
A = audts s put i

and the incremental strain is recovered at each node by
Aeti:+A1: -ag ! g Au:.”'At ) (18)

In a general setting of history dependent inelastic constitutive integration,
the stress recovery process is written as

aettat
StHat _ ot f‘ sd (19)
i+1 E e

which is fed into the equilibrijum iteration defined by Equation (16).

The computational effort in the above iterative process for direct time
integration of the discrete equations of motion involves assembly of the
element operator matrices which appear on the left-hand side of Equation (16).
Tnis requires exactly the same amount of effort as to solve the problem by the
conventional displacement method. Additional computations required for the
mixed solution involve a few back substitutions and strain and stress recovery
at nodes, computations which are relatively inexpensive compared to matrix
assembly and factorization. This additional computational cost would vanish
when the scheme is applied to nonlinear problems in which matrix assembly and
factorization or back substitution need to be performed repeatedly no matter
which finite element method is used to drive the solution. Therefore, the

1




seemingly complicated derivation of the mixed iterative solution scheme does
not increase the computational effort in comparison with the displacement
formulation. Thus, the advantages of equal order interpolation of
displacenient, strain and stress can be fully utilized without fear of central
processing unit (CPU) time penalties.

With particular attention to turbo machinery blades and other rotating
structures, the stiffness matrix can be modified to include the effects of the
stress stiffening and the centrifugal mass terms. These results are based on
linearized models of the large displacement and corresponding follower force
equations under a given angular velocity.

The centrifugal load vector is generated by integrating the body force

- T 2 (20)
F, ({N pu” rix) dx,

with w being the angular speed and r the vector distance between a point and
the axis of rotation. Under the centrifugal loading given above, the mixed
iterative algorithm generates a certain stress field represented by the nodal
stress vector s, such that the discrete equilibrium equation

B S, = Fz (21)

is satisfied. Our interest here is to calculate the linearized response of the
structure under an initial state of stress given by sy. If these initial
stress terms are taken into account, the equilibrium equation system is
modified (excluding the damping term) to

Ma+K8u+BTB=F, (22)

wherel(g is the geometric stiffness term associated with the initial stress

field s; and is given by

T o
s VN dx. (23)

Kg=fVN
Q

Note that Equation (22) is a general expression for the Tinearized response of
structural systems under a prescribed initial stress field.

when this terw, i.e.,l(gu, is included in the mixed iterative computations,
the abstract recursive form, Equation (9), becomes:

) (24)

0 - _ - (o]
Maf+1+(KG+K) u]-_’_]‘F (BS.I (KG+K) u1



or in terms of displacement update
0 - B - k?®
(KG+|() Au.i" F - ( 51- G u.i)s (25)

with

. = .+ Au. .,
Uit Y i

In the residual force calculations, the initial stress matrix needs to be
evaluated repeatedly with the stress field calculated at the beginning of the

increment.

The additional force due to the relative motion from the equilibrium position,
referred to as the centrifugal mass term, is also added to the equilibrium
equation system resulting in

0 =
Ma+ (K;-MJ)u +Bs = F, (26)
where M. is the centrifugal mass matrix defined by
= 2 o7
MC-prw N LN dx , (27)

with L being a matrix based upon the components of the unit vector m parallel
to the axis of rotation. L is given by

2, 2
L - 2, 2 (28)
= -m]mz . m3 m] ‘m2m3 .
‘mam] ‘m2m3 m%"’m%

Wnen this term is activated in the quasi-static and transient dynamic
conlputations, an additional correction of the residual vector calculation is

wlade by replacing Kg with (Kg - M.).

Typically, these optional terms are activated for the vibration analysis of
rotating structures by extracting the modes of the eigenvalue problem

{M- A(KE =M +K) | x =0
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In the modal analysis, the displacement preconditioner is assumed to represent
the structural stiffness. However, the stress values used in the evaluation of
initial stress terms are calculated by the mixed iterative method. Thus, a
more accurate stress field is generated than via the conventional displacement
method. Hence, the solution of Equation (29) is expected to be somewhat more
accurate than that associated with the displacement method approach.

For details of derivations of initial stress and centrifugal mass matrices and
fully worked out examples, see THOMAS, MOTA SOARES (1973) and RAWTANI,
DOKAINISH (1971).

In summary then, Equation (16) represents the recursive form of the basic time
discrete displacement preconditioning as given by Equation (11); furthermore,
Equation (11) itself is a discretized form of the original basic equation of
dynamic equilibrium as given by Equation (1). The bottom line, however, is
that the sequence of computations for the basic equation set is given by the
order of Equations (16) through (19). For centrifugal load effects, Equations
(24) and (25) replace Equations (16) and (17) and Equations (20) and (23) are
also added.

3.3 GLOBAL SOLUTION ALGORITHMS

In the present implementation of the mixed iterative solution procedures, the
displacement stiffness equations need to be assembled and factorized. To
enhance the efficiency of the MHOST code, a new profile solver algorithm has
been developed to replace the constant bandwidth Crout decomposition
algorithm. The implementation of this new profile solver is based on code
published by TAYLOR (1985). Examples presented in that paper include both
symmetric and nonsymmetric cases using Crout decomposition. Implementation of
the profile solver into the MHOST code excludes a nonsymmetric capability in
order to gain maximum efficiency. The profile storage of the global stiffness
equations reduces memory requirements as well as time required for
factorization. Additional computational overhead is required to prepare the
elimination table for a stiffness matrix stored in profile form. A table
comparing the performance of these solvers is included in Section 4.4.1.

In the quasi-static computations, a series of options to accelerate the rate
of convergence for nonlinear iterations has been made operational with the new
profile solver capability. These options are as follows: the modified Newton
method, the quasi-Newton method of inverse BFGS update, the secant Newton
implementation of Davidon rank-one quasi-Newton update, the conjugate gradient
method, and the line search method. The spherical path version of the arc
length method incorporating modified Newton iteration is also now available
with the profile solver capability. For details of the implementation of these
numerical processes in the mixed iterative solution framework, see the third
year progress report [NAKAZAWA (1986)].

The eigenvalue extraction procedure implemented into the MHOST code is based
on the subspace iteration approach documented by BATHE, WILSON (1976). In this
process, the large eigenproblem of structural systems is mapped into a
subspace of finite dimensions and Jacobi iteration is performed to solve the
small eigenproblem set in the subspaces. This eigenvalue extraction procedure

14



is used to compute the natural frequency and vibration mode of unstressed and
prestressed structures as well as the buckling analysis of prestressed
structures undergoing elastic or inelastic deformation of infinitesimal or
finite amplitude.

Note here that in the eigenvalue extraction, the standard displacement
stiffness matrix is used to represent the response of structural systems.
However, in buckling and modal analyses with prestress, the improvement of the
stress field generally improves the quality of the solution considerably. The
utilization of mixed stress interpolation in the eigenvalue analysis can be
viewed as equivalent to a perturbed eigenvalue problem in which the effect of
the independent stress approximation is regarded as the perturbation to the
displacement finite element system. It is anticipated that an algorithm
proposed by SIMO (1985) and implemented for the probabilistic finite element
code at MARC may be usable for eigenvalue extraction of mixed systems of
finite element equations.

3.4 LARGE DISPLACEMENT ANALYSIS

In this section, the large deformation algorithm implemented in the mixed
iterative method is described. The formulation utilizes an updated Lagrangian
mesh approach. The choice of deformation and stress measures in finite
deformation analysis depends primarily on the class of material involved,
along with the necessity that the measures are objective (invariant) for rigid
body motions. For elastic-plastic behavior where the response depends
primarily on the current state of stress, a Cauchy stress and
rate-of-deformation (i.e., strain rate) constitutive formulation is frequently
most convenient.

Beyond the choice of a Lagrangian mesh description, the formulation can be
further simplified by evaluating the equations of motion at the current
(deformed) configuration. This is achieved by continually updating the mesh
geometry to the current state. Utilizing an updated geometry results in
simplification because all matrix expressions take the same form as in small

deformation theory. The only additional quantities needed are deformation
gradients and rotation tensors evaluated at nodes, along with follower force

matrices. This formulation is referred to as the updated Lagrangian approach
in the Titerature.

The updated Lagrangian algorithm for large deformation problems is essentially
the same as that for nonlinear small deformation problems, with the exception
that all tensors and integrals are evaluated with respect to the current
configuration. The updated Lagrangian algorithm presented in this section
involves nodal coordinates being updated continuously and deformation
gradients being evaluated at nodes.

Table 1 presents a summary of the algorithm for an increment. A1l new terms in

this table are defined in the Nomenclature section. Following initialization,
the process is repeated iteratively until equilibrium has been satisfied.
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Table 1

Initialization:

Equation Formulation and Displacement Solution:

(o]t = [o]F]

Update Geometry:

Xt o x4 sToadl
ui+] = ui + si z&ui
F1'+1/2 - F1'+]/2 F‘i
rel
F1+] = F1+1 F1
: rel

Strain Projection:

Large Strain

AL€J1+] = ( CS1'+1)-T B

Stress Recovery:
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Updated Lagrangian Algorithm
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ritT . gitl (U1'+1)-1

Small Strain
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Table 1  Updated Lagrangian Algorithm (continued)

Rotate Back to Global System:

[ﬂﬁﬂ= ROTHH¢N” ROTHUT [€$F==ROT [ef” ROTH”T
p'*! - roT!! DLH (ROTi”)T [a]“] - ROTH][Q]};H(ROTH])T

Form Residual:

R1'+] =f (N1'+1)T f1'+1 Ni+] dx i+]
Q'H']

+ [ (N1+1)T l_‘1+1 N1+] dS”]

891+]
- ( i+] T ]1"']

If converged, exit; otherwise update displacements via line search or
displacement solution and repeat.
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In the finite displacement calculations, the stiffness array is assembled in
the following manner and repeatedly updated in the iteration Toop unless
another iteration process (modified-Newton, quasi-Newton, or secant-Newton
option) is specified. Note that the stiffness matrix does not correspond to
the classical Newton method in the mixed iterative solution framework because
of the independent CO-continuous stress interpolation functions. Here, B is
the conventional strain displacement matrix.

K' = f ET(xI) D% B(x') dx'
ol
Tangent stiffness matrix

-+

[ B el Bx") dxX
o
Initial stress matrix

N T o) 5%, (o) ag

3
Body force follower force
due to volume change
(30)
- [ NG AT NG ol (0D
% Surface traction follower
force due to surface area
change
- [ IoNT) FTTNGE) - NTOd) T ToNd) T dxd
o

Body force follower force
due to rotation

[ LoNT) R TN + NTOd) R ToNG) T ds

9Q!

Surface traction follower
force due to rotation

Whenever the stiffness matrix is reformulated in an updated Lagrangian
algorithm, the shape functions, derivatives of the shape functions and
determinants of Jacobians are evaluated at the nodal coordinates of the
current configuration. In addition, the material and stress matrices used are
those computed in the immediately preceding iteration.

18



4.0 COMPUTER PROGRAM DEVELOPMENT AND VALIDATION

4.1 INTRODUCTION

Version 4 of the MHOST code consists of over 47,000 Tines of FORTRAN source
statements including extensive comments. The concept of multiple-analysis
drivers has been used to maintain the quality and efficiency of the code. A
brief discussion of the architecture of the code is presented in this report.

Note that the multiple driver strategy has kept the code usable for well
tested capabilities, while new options and enhancements of existing features
were being developed and tested. Also, such a strategy has helped to keep the
code readable since the number of conditional statements is minimized. In
order to use this code effectively for production purposes in engineering
environments, further streamlining of the code would be needed to improve the
performance of this finite element package.

The user interface has been enhanced to deal with numerous algorithmic options
added to Version 4 of this code. A subsection briefly summarizes the program
features and user commands.

A1l the development work has been carried out on a PRIME 9955 at MARC Analysis
Research Corporation. The PRIME FORTRAN 77 compiler is employed without
extensive utilization of extensions to ANSI standard. Versions for VAX/VMS,
IBM/CMS and CRAY/COS environments have been created and tested using their
FORTRAN 77 compilers. The utilization of FORTRAN 77 features which are not
supported by the previous FORTRAN standard have made the new code incompatible
with the old FORTRAN compilers.

A profile solver approach has replaced the constant bandwidth Crout
decomposition routines. The new solution package improves the efficiency of
the code significantly in terms of both core storage and computing speed. A
large portion of the MHOST code has been rewritten to take advantage of this
new solver capability, including the quasi-static analysis, eigenvalue
extraction and transient time integration subsystems. The out-of-core frontal
solution subsystem remains unchanged and may be employed for large-scale small

deformation quasi-static calculations.
4.2 COMPUTER CODE ARCHITECTURE

The architecture of the MHOST code is schematically shown in Figure 1. The
execution supervisor routine (SUBROUTINE HOST) controls a multiple number of
analysis modules in a consistent manner. In Version 4 of the MHOST code, a
pair of subroutines has been added to check the consistency of the Parameter
Data and to generate internal flags for the selection of analysis modules. The
objective here is to avoid combining features of the program package not
intended by the developers to be combined.
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The analysis modules provide the control structure for the incremental
iterative algorithms implemented in the MHOST code. The source program with
comments is designed to serve as the schematic flow chart of the computational
process.

The schematic flow of the element and nodal data manipulations is coded in the
element assembly submodules which are entered from the analysis modules. The
element assembly submodules perform operations independent of element type and
constitutive model. The assumptions introduced in the mechanics aspects of the
formulations are explicitly coded at this level. These submodules call the
librarian routines for elements and constitutive models.

The element librarian subprogram (SUBROUTINE DERIV) generates quantities

unique to the element used in an analysis. The MHOST code uses for the most
part the standard finite element matrix notation, as in ZIENKIEWICZ (1977).

The element specific information returned from the librarian subprogram is the
strain-displacement array referred to as the B matrix in previous subsections.

The constitutive equation Tibrarian subprogram (SUBROUTINE STRESS and BMSTRS)
is designed to accommodate the nodal storage of stress and strain values. The
STRESS subroutine sets up the loop over the points at which constitutive
equations are evaluated. The current implementation is a nested double Toop
with the outer loop being over the nodes and the inner loop over the
integration layers through the thickness. Note that the conventional
displacement method can be recovered by restructuring this loop in conjunction
with a few minor modifications in the core allocation for stresses and strains.

The librarian subprogram calls the constitutive equation package (SUBROUTINE
NODSTR) from which individual subprograms for initial strains, stress recovery
and material tangent are accessed. The librarian subprogram also controls the
pre-integration of stresses, strains and material tangent over thickness for
the shell element.

The evaluation of the constitutive equations is one of the most costly
operations in the nonlinear finite element computations. An attempt has been
made to minimize the execution of this process during the incremental
iterative analysis, typically once every iteration during the recovery of the
residual vector. At the beginning of each increment, this process may be
executed to evaluate the material tangent as well as the contribution of
initial strain terms which are often necessary for proper displacement
pre-conditioning.

Except for a small amount of information related to the convergence of the
iterative solution, all report generation is performed at the end of an
increment. Optionally, post-processing and restart files are written at the
end of user-specified increments. Generic reporting subprograms are called
from analysis modules inside the loop over the increments.
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A brief description of major subprograms is provided below.

Execution Supervisor

MAIN PRUGRAI1 - declares the work space in blank common as an integer
array. Also defines system parameters which are machine
independent. Then passes control to the actual execution
supervisor SUBROUTINE HOST.

SUBROUTINE HOST - controls the sequence of execution of analysis modules.
First, this routine executes the control parameter data
reader SUBROUTINE DATIN1 and checks for consistency by
entering SUBROUTINE LETCMD and RUNCMD. The current
structure of the code allows certain combinations of two
analysis modules to be executed sequentially. Analysis
modules called from the execution supervisor are as
follows:

SUBROUTINE STATIC for a quasi-static incremental iterative
solution,

SUBROUTINE DYNAMT for a transient time integration of the
dynamic equilibrium equation system in an incremental-

jterative manner,

SUBROUTINE MODAL for eigenvalue extraction in vibration
mode analysis. This subsystem may be executed after a

quasi-static analysis for modal analysis of prestressed
structures.

SUBROUTINE BUCKLE for eigenvalue extraction in buckling
Toad calculations. This subsystem is executable only after
a gquasi-static analysis.

SUBRUUTINE FRONTS for a quasi-static incremental iterative
solution by the out-of-core frontal solution procedure.
Note that certain options are not available in this
subsystem.

SUBROUTINE SUPER for a linear dynamic response calculation
by the method of mode superposition.

Input Data Reader

There are three major subprograms:
SUBROUTINE DATIN1 - Reads and interprets the parameter data input called by

the execution supervisor. A1l the default values for
control variables are set in this routine.
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SUBROUTINE BULKIN - Reads and interprets the finite element model definition

SUBROUTINE INCRIN

SUBROUTINE DATIN3

data and prints the mesh and loading data for the initial
increment (number 0). The bulk data reader is entered
before the execution of analysis modules. This subroutine
utilizes the following Tower level routines:

SUBROUTINE INITI1 for the memory allocation of integer
work space in the blank common to store nodal and element
data.

SUBROUTINE DATIN2 for the model data input.
SUBROUTINE DATOU1 for reporting the model definition data.

SUBROUTINE CHKELM for the detection of clockwise element
connectivity which results in a negative Jacobian matrix.
This routine automatically corrects the connectivity table
to a counterclockwise direction.

SUBROUTINE SUBDIV for memory allocation of subelement mesh
data and automatic mesh generation of subelements.

Reads and interprets the loading and constraint data for
each increment. This routine is invoked by individual
analysis modules from inside the 1oop over the increments.

A small subset of the bulk data reader SUBROUTINE DATINI,
is used for actual operations including initialization of
arrays at the beginning of an increment.

Algebraic Operations Subsystem

There are three packages of routines for the profile solver, frontal solver
and eigenvalue extraction. The profile solution package consists of:

SUBROUTINE COMPRO
SUBROUTINE ASSEMS5

SUBROUTINE SOLUTI

SUBROUTINE DECOMP

SUBROUTINE SOLVER

Sets up the integer array for the profile of the global
stiffness equations to be stored in a profile form.

Assembles the element stiffness equations into the global
equation system stored in a profile form.

Controls the iterative solution processes including the
vector update required for the quasi- and secant-Newton
iterations.

Factorizes the global stiffness equations stored into a
profile form.

Performs the back substitution and generates the update
vector for the incremental displacement.
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The frontal solution package consists of:

SUBROUTINE FRONTW

SUBROUTINE INTFR

SUBROUTINE PRFRNT
SUBROUTINE FRONTF

SUBROUTINE FRONTB

SUBROUTINE FRONTR

SUBROUTINE VDSKIO

Estimates the front matrix size to be accommodated in the
core memory.

Allocates memory for the work space required for the
frontal solution.

Sets up the elimination table for the frontal solution.

Assembles and factorizes the global stiffness equations
simultaneously.

Performs the back substitution and generates the updates
for the displacement vector.

Controls the iterative solution processes including the
vector update required for the quasi- and secant-Newton
iterations. Calls SUBROUTINE FRONTB for the incremental
displacement update vector.

Controls the data stream stored in the in-core buffer area
and the actual out-of-core storage devices.

The eigenvalue analysis package consists of:

SUBROUTINE EIGENV
SUBROUTINE INIMOP
SUBROUTINE SUBSPC

SUBROUTINE JACOBI

Controls execution of the eigenvalue extraction subsystem.
Initializes the array for eigenvectors.

Performs the subspace iteration and generates a specified
number of eigenvalues and eigenvectors.

Solves the eigenvalue problem in the subspace by Jacobi
iteration.

There are a number of subprograms used commonly by the Algebraic Operations

Subsystem:

SUBROUTINE STRUCT - Controls memory allocation for global algebraic

manipulations at the beginning of every increment.

SUBROUTINE INITI2 - Allocates memory required for storage of the global

stiffness matrix and other vectors necessary in the linear
algebraic manipulation of the finite element equations.

SUBROUTINE LINESR - Calculates the search distance when the line search option
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Element Assembly Submodules

These are subprograms constructing vectors and matrices appearing in the
algorithmic description of the mixed iterative process discussed in previous

subsections.

SUBROUTINE ASSEM}

SUBROUTINE ASSEM2

SUBROUTINE ASSEM3

SUBROUTINE ASSEM4

Assembles the displacement stiffness matrix for
preconditioning purposes. A1l the options for kinematic
and constitutive assumptions are tested in this module.

Assembles the coefficient matrix for the transient time
integration by the Newmark family of algorithms. This
routine is evolved from SUBROUTINE ASSEMT and contains all
the options.

Assembles the coefficient matrix for the quasi-static
analysis using the frontal solution subsystem. Large
displacement, stress stiffening and centrifugal mass terms
are not available in this package.

Calculates the nodal strain and recovers the residual
vector in a mixed form. The subelement solution package is
entered from this subprogram.

Element Loop Structure and Library Routines

In the element assembly submodules, element arrays are generated in loops over
the elements. The protocol for accessing the element library involves a
sequence of subroutine calls as follows:

SUBROUTINE ELVULV -

SUBROUTINE CNODEL -

SUBROUTINE DERIV -

Sets up the current element parameters (see Table 2 for
variables and values) from the element library table.

Pulls out quantities for the current element from the

global nodal array and restores them in the element work
space. Coordinate transformations necessary for beam and
shell elements are performed in this subprogram.

Sets up the displacement-strain matrix for the current
element by calling the element 1ibrary subroutines. Those

are:;

SUBROUTINE BPSTRS for plane stress elements, types 3 and
101.

SUBROUTINE BPSTRN for plane strain elements, types 11 and
102.
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SUBROUTINE BSOLID for three-dimensional solid element,
type 7.

SUBROUTINE BSHELL for three-dimensional shell element,
type 75.

SUBROUTINE BAXSYM for axisymmetric solid-of-revolution
elements, types 10 and 103.

SUBROUTINE BTBEAM for linear Timoshenko beam element, type
98.

SUBROUTINE BASPST for the assumed stress plane stress
element, type 151.

SUBROUTINE BASPSN for the assumed stress plane strain
element, type 152.

SUBROQUTINE BASSOL for the assumed stress three-dimensional
solid element, type 154.

SUBROUTINE UDERIV - A slot for a user coded element B matrix routine.

The following subprograms are used to calculate terms appearing in the finite

element equations:

SUBROUTINE LMPMAS

SUBROUTINE STIFF

SUBROUTINE STRAIN

SUBROUTINE CNSMAS

SUBROUTINE INITST

SUBROUTINE CENMAS

SUBROUTINE RESID

SUBROUTINE SUBFEM

26

Calculates nodal weight factors for the strain projection.

Performs matrix triple products to assemble the element
stiffness matrix and the element load vector associated
with the initial strain terms.

Calculates element strains at specified sampling points
and projects to nodes. ‘

Assembles the consistent mass matrix for modal and
transient analysis.

Generates initial stress terms for quasi-static, buckling
and modal analysis of prestressed structures.

Evaluates the centrifugal mass terms for rotating
structures at speed.

Calculates the element residual vector for the global
element.

Performs the subelement solution and calculates the
element residual vector for the subelement mesh.



SUBROUTINE RELDFG - Calculates the relative deformation gradient at the
element sampling point and projects to a node.

SUBROUTINE RESDYN - Calculates the contribution of mass and damping terms in
the element residual vector when the transient dynamics
option is used.

Material Library

A system of subroutines is included in the MHOST code which covers a wide
range of material models and initial strain assumptions:

SUBROUTINE SIMPLE

Integrates the stress over the increment assuming the
elastic-plastic response of the material is represented by
a total nonlinear elastic secant modulus. Also generates
the material modulus matrix.

SUBROUTINE PLASTS - Integrates the stress over the increment and calculates

the plastic strain by using the radial return algorithm.
SUBROUTINE PLASTD - Calculates a consistent elastic-plastic modulus if the
incremental equivalent plastic strain is positive.

SUBROUTINE WALKEQ - Integrates the Walker unified creep plasticity
constitutive equation and also generates a material
modulus based on the temperature dependent elasticity

assumption.

Calculates the stress for the constant material modulus
given as data.

SUBROUTINE LELAST

SUBROUTINE THRSTN - Calculates the thermal strain.

SUBROUTINE CRPSTN

Calculates the creep strain.

4.3 USER INTERFACE

A large number of options are made available in the MHOST code. A user selects
options by specifying certain keywords in the parameter data section of the
input data file. Some of the infrequently used features available in the
previous versions are deleted for the sake of clarity. Table 2 summarizes the
analysis capability of MHOST Version 4.2.
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Table 2  MHOST Analysis Capability
Element Three- Three-
Definition Plane Plane Axisymmetric Dimensional Dimensional
Options Beam Stress Strain Solid Solid Shell
Linear
Isotropic
Elasticity X X X X X X
Ani sotropic*]
Elasticity X X X X
Composite*1
Laminate X
Simplified
Plasticity X X X X X
Elasto-*3
Plasticity X X X X X
Unified
Creep-Plasticity X X X X X
Thermal™*2
Strain X X X X X
Creep*2
Strain X X X X X
Large
Displacement X X X X X X
Finite
Strain X X X X
Notes:

*1  Applicable only to linear elasticity.

*2  Not applicable to the unified creep-plasticity model in which the
quantities are the integrated part of the model.

*3  Anisotropic yield surface can be defined for a continuum element.
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Table 2  MHOST Analysis Capability (continued)

Analysis Three- Three-
Module Plane Plane Axisymmetric Dimensional Dimensional
Option Beam Stress Strain Solid Solid Shell

Quasi-static

Analysis X X X X X X

Buckling

Analysis X X X X X X

Modal ,

Analysis X X X X X X

Transient

Dynamics X X X X X X

In the model data section of the input data file, certain nonstandard features
are made available. This subsection summarizes program features available in
Version 4.2 of the MHOST code by the keywords. For full details, see the MHOST
User's Manual.

*ANISOTROPY

The anisotropic material property option is flagged by this parameter. The
orientation vector for the material axes must be added in the model data
section. The material properties along the material axes must be given by
either the *DMATRIX option (for continuum elements, type 3, 7, 10 and 11) or
the *LAMINATE option (for shell element type 75). The anisotropic plastic
response of a material is described by the user subroutine ANPLAS as
documented in the MHOST User's Manual.

*BFGS

The inverse BFGS update procedure is invoked by flagging this option parameter
with the default iterative algorithm being the straightforward Newton-Raphson
scheme.

*BOUNDARY

The nodal displacement constraints are imposed by virtue of penalization when
the frontal solution subsystem is invoked.
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*BUCKLE

The initial stress matrix is generated and the eigenvalue extraction is
performed to obtain buckling modes. This option can be invoked at an arbitrary
step of the incremental nonlinear solution process so as to detect the change
in the buckling load due to the inelastic response of the structure.

*COMPOSITE

This parameter data line invokes the composite laminate analysis option for
shell element type 75. Added to the MHOST code upon request from the Contract
Monitor at NASA-Lewis Research Center. This option resets the element
parameters. The number of integration layers is reduced to 1 and all the
components of stress resultant are used as nodal variables. In the model data
section, the user has to supply all the components of the stress-strain matrix
by invoking the laminate option.

*CONJUGATE-GRADIENT

The conjugate-gradient method is invoked by adding this parameter. The 1line
search option is automatically turned on. Note that this option cannot be used
with other iterative algorithms such as the BFGS or secant-Newton methods.

*CONSTITUTIVE

Three constitutive approaches are available for describing material behavior,
including the secant elasticity procedure (simplified plasticity) in which the
material tangent is generated for Newton-Raphson type iterative algorithms,
the von Mises plasticity procedure with the associated flow rule treated by
the radial return algorithm, and the Walker nonlinear viscoplastic model in
which an initial stress iteration using elastic stiffness is utilized. For
experimental purposes, the linear elasticity option can be flagged, with the
default option being the conventional plasticity model.

*CREEP

The creep effect is taken into account via the time history being integrated
in an explicit manner under control of an optional self adaptive time-step
size algorithm.

*DISPLACEMENTMETHOD

This option invokes the conventional displacement model in which the residual
loads are evaluated directly at integration points. For linear elastic stress
analyses, no iteration would take place when this parameter card is flagged.
In inelastic analyses, the material tangent is interpolated and multiplied by
integration point strains directly at each quadrature point. This option
cannot be used for the creep-plasticity model which does not generate correct
material tangent information at integration points.
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*DISTRIBUTELOAD

The body force and surface traction loadings are referred to as the
distributed loads in the MHOST program. The body force option includes gravity
acceleration definable in any direction, as well as centrifugal loading with
the centerline and angular velocity being user-specified.

*DUPLICATENODE

The nodal points for stress recovery can be disconnected by defining two nodal
points at the same geometrical location and connecting them by this option
which assumes the compatibility of displacement at these points. This option
is used to define generic modeling regions and their interconnections.

*DYNAMIC

The generalized Newmark solution algorithm is entered by using this parameter
card. A primitive version of the adaptive time-stepping algorithm is
incorporated if requested by the user.

*ELEMENTS

The elements available in this version of the code are summarized in Table 3.
Core allocation is performed for both nodal- and element-quantities based on
the maximum storage space requirements among the types of element specified in
this option. A1l the element types must be specified here, including those
only associated with the subelement regions.

*EMBED

The subelement iteration technology is flagged by this option to signal the
code to allocate working storage for subelement data in a hierarchical manner.

The actual subelement mesh definition and the nodal- and element-data storage
allocation take place when the individual subelement is defined.

*FINITE_STRAIN

This keyword invokes the finite-strain option at a specified load/time
increment.

*FOLLOWER FORCE

The 1oading data is assumed as the follower force when this keyword is
included in the parameter data section.

*FORCES

Concentrated nodal forces are defined and stored in an incremental manner. The
core allocation takes place only when this option is invoked.
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*FRONTALSOLUTION

The frontal solution option for quasi-static analysis is available in this
version of the code and utilizes out-of-core storage devices, thus increasing
the capacity of the program significantly.

*HARDENING SLOPE

The maximum number of break points for a piecewise linear approximation of
uniaxial elastic-plastic behavior is specified with this parameter keyword.

*LARGE_DISPLACEMENT

This keyword invokes the large displacement option at the specified load/time
increment.

*LINE-SEARCH

The line search option requires positive action by the user to be turned on.
This algorithm is usable in conjunction with all iteration algorithms
available in the MHOST program. When the conjugate-gradient iteration is used,
the program automatically turns on the line search option.

*LOUBIGNAC

Parameters for numerical quadrature used in mixed iterative processes are
definable in a very precise way. To construct the stiffness matrix the full,
selective, or selective with filtering scheme can be chosen. For the residual
vector integration, full or reduced integration can be chosen. The strain
integration can be performed by using either uniformly reduced integration,
trapezoidal integration with a reduced shear strain approximation, or
trapezoidal integration with a filtering option.

*MODAL

Free vibration modes are extracted by invoking this option for linear elastic
structures only. The subspace 1terat1on technique is utilized together with
the power shift option.

*NODES

A1l the variables are defined and reported at nodal points. In the incremental
processes, the deformation and stress history are stored only at the nodal
points. Note that this architecture economizes storage substantially as
compared to the fully integrated finite element displacement methods.

*NOECHO

This option suppresses the echo print of the model data.
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*OPTIMIZE

Bandwidth optimization based on the Cuthill-McGee algorithm is available in
the MHOST code, whereas no optimization for the frontal solver is available.

*PERIODICLOADING

For transient analyses, nodal displacements and concentrated forces can be
given as sinusoidal functions via this option; this reduces the effort needed
to prescribe the load history for a class of simple test problems.

*POST

The post-processing file, which contains all the information supplied to and
produced by the code, is generated on the file connected to FORTRAN unit
number 19. This file is formatted and can easily be manipulated by
commercially available post-processing packages with minor modifications. A
version of MENTAT supports the MHOST post-processing file. The header record
of the file is designed to be compatible with the MARC post file, details of
which are published and processed by many finite element graphics packages.

*PRINTSETS

Report generation is carried out on a nodal point basis, with the element
integration point option supported by interpolation processes using
appropriate shape functions.

*REPORT

The frequency of the 1ine printer report generation is now controlled by this
option with the default being to print at every increment.

*RESTART

This parameter card invokes the program to read the restart tape and to set up
the system to resume the analysis from the point where the tape is written.

*SCHEME

Parameters for defining characteristics of the time integration operator can
be specified by the user. The default is the average acceleration algorithm
commonly used in nonlinear dynamic finite element analyses.

*SECANT-NEWTON

This parameter activates the secant-Newton implementation of the Davidon
rank-one quasi-Newton algorithm. The core-storage requirements of this
procedure are significantly less than for the BFGS update and the execution is
relatively fast. This parameter is recommended for inelastic analyses of
solid-continua.
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*STIFFENING

This keyword is used to invoke initial stress terms for quasi-static,
transient dynamic and modal analyses.

*STRESS

As an option, the boundary condition for stress can be specified by the user,
although no mathematical justification is yet available for this type of
boundary loading. Any stress component can be prescribed at any nodal point.
Simple numerical tests have shown that inconsistent imposition of boundary
stress values indeed lead to rapid divergence in the iterative process.

*TANGENT

In the context of modified Newton iterations, the tangent stiffness matrix for
subsequent iterations is user-definable. When this option is invoked, the
default is the first tangent matrix used during the current increment, not the
elastic stiffness matrix. This type of implementation is referred to as the
KT1 method of modified Newton iteration. In the BFGS process, the same

approach is used and no options are made available. In the modified Newton
jteration, the tangent array is fixed after a specified number of updates.

*TEMPERATURE

Nodal temperatures are read as input and used to generate thermal strains.
These temperatures are used also during the evaluation of creep strains and
the integration of the coupled creep plasticity model (Walker's model).

*THERMAL

Temperature dependent material properties are evaluated when this option is
invoked, and an appropriate user subroutine has to be provided to the system
prior to execution. This operation is not necessary for the creep plasticity
model in which the temperature dependency is readily incorporated.

*TRANSFORMATIONS

Coordinate transformations at nodal points are specified by this option in
which the angle of rotation is provided by the user so that the code can
generate necessary transformation matrices. The post-processing file does not
support the coordinate transformations.

*TYING

Multiple degree-of-freedom constraint equations are specified by the user
through this option. Under certain circumstances, this option is slightly more
flexible than the duplicate node option; for instance, the user can disconnect
three elements at a point. Note that the constraint equations are generated
only for displacement degrees-of-freedom, which are calculated only in an
implicit manner.
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The following parameters are used to signal to the MHOST program the presence
of specific user subroutines:

*UBOUN
*UCOEF
*UDERIV
*UFORCE
*UHOOK
*UPRESS
*UTEMP
*UTHERM
*WKSLP

As summarized above, the analysis capabilities included in the MHOST code
cover most requirements for calculating inelastic deformations of turbine
engine hot section components. The MHOST code has evolved into a General
Purpose Structural Analysis package with strong emphasis on nonlinear material
behavior usable for a wide range of problems. The free format data input
routines and report generation packages have been improved in the Task II
program development effort so as to create a comfortable environment for code
users.

Table 3 summarizes the elements currently available in the MHOST Version 4.2
code and lists parameters internally used to define element characteristics.
Further detail is available in the MHOST User's Manual.
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ITYPE
NELCRD
NELNFR
NELNOD
NELSTR
NELCHR
NELINT
NELLV
NELLAY
NDI
NKHEAR
JLAW

NELCRD
NELNFR
NELNOD
NELSTR
NELCHR
NELINT
NELLV

NELLAY

NDI
NSHEAR
JLAW

Table 3

Element Parameters

Beam P.Stress P.Strain Axsym. Brick Shell
9 3/101/151 | 11/102/152 | 10/103/153 | 7/154 75
3 2 2 2 3 3
3 2 2 2 3 6
2 4/9/4 4/9/4 4/9/4 8 4
1 3 4 4 6 8
3 5 3 ] 5 5
2 4/9/4 4/9/4 4/9/4 8 4
3 3 3 3 3 4
0 1 1 i 1 5
L 2 3 3 3 2
0 1 T 1 3 1
1 2 3 4 5 6
Number of coordinate point data values per node.

Number of degrees-of-freedom per node.

Number of nodes per element.

Number of stress and strain components per node.

Number of material property data values for the element.
Number of 'full' integration points per element.

Number of distributed load types per element.

Number of layers of integration through the thickness of the

shell element.

Number of direct stress components.

Number of shear stress components.

Type of the constitutive equation.




4.4 VALIDATION
4.4.1 Performance Improvement by the Profile Solver

Table 4 summarizes computing time and memory requirement reductions after
implementation of the profile solver solution package into the MHOST code. The
performance figures are applicable for the MARC Corp. PRIME 9955 computer
using a Primos FORTRAN 77 compiler with the full optimization option turned
on. The number of words appearing in the table apply to situations involving
single precision (32 bits) words in the blank common work space. For 64
bits/word machines such as CRAY, the memory requirement in terms of number of
words will be considerably smaller. Even for a system of uniformly banded
equations such as occurs with the composite laminate fan blade shown in Figure
4, a substantial reduction in computing time and some improvement in
core-storage requirements are obtained with the profile solver package.

For large problems such as the turbine blade model with platform as shown in
Figure 2, the speed gain and reduction in memory needed make an in-core
solution possible on a small computer.

In a buckling analysis of the cylinder whose mesh is shown in Figure 3, the
reduction in solution time is an order of magnitude more significant than the
saving in storage requirements.

Note that the tying option for the profile solver is implemented in a global
manner. The algebraic constraint equations are embedded in the profile-form
stiffness matrix after all the element matrices are assembled. On the other
hand, the coordinate transformation option for the nodal degrees-of-freedom is
handled on an element-by-element basis. Immediately after an element matrix is
assembled, the entries subjected to coordinate transformations are manipulated
before substituting into the global array.
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Table 4 Performance Tests for the Profile Solver Solution Package
in the MHOST Code

Problem 1 SSME HPFTP Blade Model with 1025 Solid Elements (Type 7) and

1575 Nodes (Mesh Shown in Figure 2)

Profile Solver Band Solver
Working Space Required 3,483,811 4,459,647
Solution Time (seconds) 1466.594 NA*

*Too large to be able to run on PRIME 9955 at MARC.

Problem 2 Buckling Analysis of a Cylinder with 160 Shell Elements (Type

75) and 176 Nodes (Mesh Shown in Figure 3)

Profile Solver Band Solver
Working Space
- Static 498,873 - 596,703
- Eigenvalue 1,044,773 1,340,375
Solution Time (seconds)
- Static 62.057 171.430
- Eigenvalue 66.788 187.551

Problem 3 Modal Analysis of Composite Laminate Fan Blade with 240 Shell

Elements (Type 75) and 279 Nodes (Mesh Shown in Figure 4)

Profile Solver Band Solver
Working Space 824,341 1,054,259
Solution Time (seconds) 24.794 93.764
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Figure 4 Finite Element Mesh for Problem 3 (Composite Laminate Fan Blade)

4.4.2 Vibration Analysis of a Rotating Beam

The stress stiffening and centrifugal mass options were validated by analyzing
a cantilever beam rotating at a given angular velocity, with the geometry and
loading conditions illustrated in Figure 5. Two finite element models were
constructed on MHOST, one using the shell element (type 75) and one using the
three-dimensional solid element (type 7). A reference solution was also
established: a solution on NASTRAN using its shell element (QUAD4) was
compared with a solution produced by MARC via its shell element (type 75).
Both commercial codes produce almost identical vibration frequencies which
establish the reference solution. As the values in Table 5 indicate, both
MHOST solutions are almost identical to the reference solution. This also
indicates that the selectivity integrated linear solid element is capable of
accurately representing bending mode response.
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Figure 5 Validation Model for Centrifugal Stiffening

Table 5 Vibration Frequency-Cantilever Beam Under Centrifugal Loading
(Column A: Without Stiffening; Column B: With Stiffening and

Centrifugal Mass)

NASTRAN
Mode Shell Element**
A B
1* 145.4  227.6
2 618.9 662.3
3 394.8 1042.8
4 1115.0 1199.0

MHOST
Shell Element Solid Element
A B A B
145.4  228.7 145.8 229.9
628.6 668.2 595.8 669.3
924.5 1077.0 929.9 10892.0
1316.7 1375.8 1205.1 1229.2

* MARC shell element type 75 gives 146.2 Hz without centrifugal
stiffening and 228.3 Hz with the stiffening and centrifugal mass

effects included.

** Element type QUAD4.
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4.4.3 Large Displacement Analysis

A plane stress test problem involving stretching an elastic-plastic plate is
analyzed using the large displacement analysis capabilities of the MHOST code.
Listing 1 shows the input data used for the calculations. The original finite
element mesh, as well as a deformed configuration, are plotted in Figure 6.
The solution obtained is smooth without any indication of numerical
instabilities. Equivalent plastic strain and Mises equivalent stress plots are
shown in Figures 7 and 8 respectively.

Listing 1 Input Data for a Large Displacement Analysis
by Plane Stress Elements
ELASTIC PLASTIC ALUMINUM PLATE-8X8 PLANE STRESS-L 313
*POST
*NODES 81
*ELEMENTS 64
3
*CONSTITUTIVE 2
*HARD 2
*BOUNDARY 40
*LARGE_DISPLACEMENT
*FINITE_STRAIN
*STIFFENING
*LOUBIGNAC 3 1 3
*END
*WORKHARD 2
45000.0 0.0000 0.0000
850000.0 10.000 0.0000
*ITERATIONS
20 0.050
*COORDINATES
1 0.0000 0. 0000 0.0000 0.05000
2 0.0000 1.0000 0. 0000
3 0.0000 2.0000 0.0000
4 0.0000 3.0000 0.0000
5 0.0000 4.0000 0.0000
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74 1 0.8000
74 2
75 1 0.8000
75 2
76 1 0.8000
76 2
77 1 0.8000
77 2
78 1 0.8000
78 2
79 1  0.8000
79 2
80 1 0.8000
80 2
81 1 0.8000
81 2

*PROPERTIES 3
C STANDARD ALUMINUM MATERIAL
1 8 0.05 10.0E6 0.330

*PRINTOPTION
INCREMENTALDISPLACEMENT NODE
TOTALDISPLACEMENT NODE
REACTION NODE
PLASTIC NODE
STRESS NODE
STRAIN NODE
FORCE NODE
*END
*AUTOINCREMENT

9
*END
*STOP
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A disc upsetting problem involving both large displacement and large strain
behavior is used as a second example. This is a standard problem solved
repeatedly by MARC, and the reference solution is readily available. As the
initial mesh and deformed configuration plots (Figure 9) indicate, a large
amplitude hourglassing is observed. This is due to the nearly incompressible
response of the material and the same phenomenon with less significant
amplitude is observable in a standard displacement solution. Further
investigation on stabilization of the displacement field is necessary to
filter out this spurious mode. However, the stress field obtained with the
present capability is stable and quantitatively agrees well with the solution
obtained by MARC via the conventional displacement method (Figure 10).

For comparison, the same disc upsetting problem is studied using the
three-dimensional solid element (Figure 11). As indicated in the stress
contour plot (Figure 11) at an early stage of the deformation process, the
model is capable of reproducing an axisymmetric stress field quantitatively
similar to that generated using the axisymmetric element.

As an example of MHOST's large displacement analysis capability with shell
elements, a one-quarter model of a clamped square plate under uniform pressure
loading is studied. The results are plotted in Figure 12, together with
solutions of the same problem available in the literature [WAY (1938); KAWAI,
YOSHIMURA (1961); HUGHES, LIU (1981); and NAGTEGAAL, SLATER (1981)]. The
comparison indicates that the mixed iterative implementation of shell elements
results in more flexible behavior compared with the compatible model
(Kawai-Yoshimura solution) and with models based on the Reissner-Mindlin
theory (Hughes-Liu solution by uniform reduced integration and heterosis
elements). Qualitatively, the behavior of the MHOST shell element is similar
to the Nagtegaal-Slater solution via the SLICK element derived from the
discrete Kirchhoff assumption (MARC element type 72). A visible difference is
shown between the solution obtained with 'full' Newton iteration (in which the
displacement preconditioner is repeatedly updated) and that obtained via the
secant-Newton update with line search. This difference may be due to
il1-conditioning of the preconditioner caused by transverse shear constraint
terms.
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Figure 12 Load Deflection Curves of a Clamped Square Plate Under Uniform
Pressure Loading
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4,4.4 Application of the Subelement Method for Inelastic Analysis

A plane stress problem of a square plate with a circular hole is used to
demonstrate the inelastic solution capability of the MHOST subelement
procedures. The global finite element mesh and the subelement mesh
representing a hole embedded in the element at the center of a plate is
illustrated in Figure 13. A global finite element model explicitly including
the hole in the same way as the subelement grid is shown in Figure 14,

¥

ELEMENT DIVIDED INTO A SUBELEMENT
X MESH WITH A HOLE

o \ Ll

(RN
7.

V

SUBELEMENT MESH FOR AN EMBEDDED HOLE

Y —»

Figure 13  Global and Subelement Meshes for an Embedded Hole
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TEST PROBLEM FOR A PLATE WITH A HOLE IN PLANE STRESS

Figure 14 Global Finite Element Mesh

The input data files for both the global element mesh and the subelement mesh
models are given in Listings 2 and 3. Note that the amount of data to
represent a hole is significantly less for the subelement mesh; this
represents a major improvement in user friendliness.



Listing 2 Global Finite Element Model

TEST PROBLEM FOR A PLATE WITH A HOLE ( PLANE STRESS )
*POST

*NOECHO
*CONSTITUTIVE O
*ELEMENTS 28
3
*NODES 40
*BOUNDARY_C 19
*HARDENING 5
*FORCE 10
*END
*ITERATION
20 .01 10.0 .01
*ELEMENT 3
1 1 6
2 2 21 17
3 17 21 7
4 3 7 8
5 5 18 22 6
6 6 22 27 25
7 6 25 39 21
8 21 39 37 7
9 37 35 24 7
10 7 24 20 8

11 25 27 28 26
12 25 26 40 39
13 39 40 38 37
14 38 36 35 37
15 18 9 10 22
16 22 10 29 27
17 29 10 23 31
18 31 23 11 33
19 33 11 24 35
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20
21
22
23
24
25
26
27
28

*COORDINATE

1

0 N O O AW

1

12
13
14
15
16
17
18
19
20
21

22
23
24

24
27
30
32
34

9
10
23
11

=N = =W O WWWWN NN NN~ OO0 0 O
. [ . . . L] . L] . » . L] L] . . . . L] L] . L] . L] L)
U O O O O O U1 O © O 0O O O O OO O OO oo o o o o

11
29
29
3
33
13
14
19

12
30
31
33
35
14
19
15
16

N - :—‘ -~ W ~ O - W N~ O WM~ O WN - O WM - O
- . L] L] L] . . . . . L] . . - L] L] . L] * . » . .
©C 01 ©O 001 O U1 © U1 O ©O O O O O O O O O oo o o o o

20
28
32
34
36
10
23
11
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25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40

1.
.4293
.5000
. 5000
.7854
.5707
.8000
.6000
.7854
.5707
.5000
.5000
.2146

.4293
.2000
.4000

-—l-—l.—l—l—‘—d_l—‘—l—‘.—l—‘—]-—l—l

*PROPERTY

O OO

66

1

1

~N Wy -

13
14
15
16

40
*BOUNDARY C

-‘—‘—‘—'l\)—‘l

2146

—) et b

_— e e wmd ) ) d el ad ed d emd d ped

o O O O

.2146
.4293
.2000
.4000
.2146
.4293
. 5000
.5000
. 7854
.5707
.8000
.6000
. 7854
.5707
.5000
.5000

1.0E6 0.3

.01
.0
.01
.01



*FORCE

13 1 10000.0
14 1 15000.0
19 1 10000.0
15 1 15000.0
16 1 10000.0
*PRINT
TOTAL
STRESS
REACTION
*END
*STOP

Listing 3  Subelement Model

TEST PROBLEM FOR AN EMBEDDED HOLE ( PLANE STRESS )
*SECA
*LouB 31 3
*NOECHO
*EMBED
*CONSTITUTIVE 0
*ELEMENTS 9

3
c 101
*NODES 16
*BOUNDARY C
*FORCE
*END
*ITERATION

20 N 10.0 1.00



*ELEMENT

1 1 5
2 2 6
3 3 7
4 5 9
5 6 10
6 7 11
7 9 13
8 10 14
9 M 15
*COORDINATE
1 0.0
2 0.0
3 0.0
4 0.0
5 1.0
6 1.0
7 1.0
8 1.0
9 2.0
10 2.0
11 2.0
12 2.0
13 3.0
14 3.0
15 3.0
16 3.0
*PROPERTY
1 16

*BOUNDARY C
1

1
1 2
2 1
3 1
4 1
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c
c
c
c
*FORCE
13
14
15
16
*HOLE

5
*PRINT

*END
*STOP

13
14
15
16

— et el ad

TOTAL
STRESS
REACTION

10000.0
20000.0
20000.0
10000.0

0.2

0.01
0.01
0.01
0.01

The elastic stress field obtained by the global solution is shown in Figure 15
and qualitatively agrees with the classical solution found in many textbooks,
e.g., SAVIN (1951). The elastic solution after one iteration, as summarized in

Table 6, indicates that the quadratic subelement produces the most accurate
results for the stress concentration factor.
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Table 6 Nodal Stress Concentration Factor at the Edge
of a Circular Hole After One Iteration

Global Solution Subelement Solution
Point A Linear Quadratic
oy 2.2615 2.3198 2.7087
Oy 0.5916 0.5977 0.3929
Txy 0.0002 0.0000 0.0003
Point B
oy 0.1752 0.4339 -0.2702
oy -0.0813 -0.2995 -0.5958
Txy 0. 0000 0. 0000 0.0000

For the elastic-plastic analyses, the material is assumed to be bilinear and
is defined by *WORKLOAD data as:

Stress Plastic Strain
2.0 0.0
4.0 0.4

Note that the stress here is normalized by the uniform horizontal stress for
the solution of the square plate without a hole. As is well-known from
standard elasticity, amplification of the horizontal stress value by a factor
of 3.0 is expected at Point A under pure elastic behavior.

Both linear and quadratic subelement results, as well as global finite element
results, with the same mesh, are compared. The monotonic convergence
characteristics of the subelement method can be seen in these comparisons, as
summarized in Table 7.
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Table 7 Elastic-Plastic Analysis of a Square Plate with a Circular Hole;
Nodal Stress at the Edge of the Circular Hole at Maximum SCF
Location (Point A)

Linear Quadratic
Global Solution Subelement Solution Subelement Solution
Elastic Elastic- Elastic Elastic- Elastic Elastic-
Plastic Plastic Plastic
Equivalent
Plastic Strain 0.0 0.0191 0.0 0.0320 0.0 0.0513
Stress
o XX 2.3492 2.2786 2.5064 2.4151 2.7087 2.4624
oyy 0.3160 0.4339 0.4327 0.6682 0.3929 0.4929
axy 0.0034 0.0049 0.0010 0.0009 0.0000 0.0000

Note here that iterations were carried out until a convergence tolerance of
10% in terms of relative residual was met. This solution procedure improved
the elastic stress results compared to elastic results obtained earlier. The
same convergence criteria were used for all calculations shown in Table 7. In
comparison with solutions reported previously, the quadratic subelement method
exhibited superior performance, at least for this particular example of an
embedded hole.
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